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Abstract. The ability of neural networks to perform
generalization by induction is the ability to learn an
algorithm without the benefit of complete information
about it. We consider the properties of networks and
algorithms that determine the efficiency of generaliza-
tion. These properties are described in quantitative
terms. The most effective generalization is shown to be
achieved by networks with the least admissible capac-
ity. General conclusions are illustrated by computer
simulations for a three-layered neural network. We
draw a quantitative comparison between the general
equations and specific results reported here and
elsewhere.

Introduction

For any well-defined algorithm of information pro-
cessing it is possible to construct a network of neuron-
like elements that will accordingly perform the input
signals into output ones (McCulloch and Pitts 1943),
In constructing and training such a network one
should use the complete information about the al-
gorithm that the network is to perform. Now it is
sufficiently clear that potentialities of neural networks
for solving deductive problems are universal (Koh-
onen 1977; Hinton and Anderson 1981; Rumelhart
and McClelland 1986).

The ability of neural network to perform general-
ization by induction is the ability to learn an assigned
algorithm without the benefit of complete information
about it. Suppose that a certain part of all possible
input signals has been selected and the neural network
has in some way been trained to give the correct (in
terms of the assigned algorithm) responses to them
(output signals). After this one checks the network’s
reaction to all the other input signals. If all or almost all
the responses are correct it means that a complete

generalization has taken place; if the number of correct
responses is a random value there is no generalization.
Intermediate situations correspond to different de-
grees of generalization.

This approach dates back to the pioneering works
on perceptron published in the sixties (Rosenblatt
1962; Minsky and Papert 1969), where it was demon-
strated, using specific examples, that little or no
generalization takes place unless a priori information
about the algorithm is introduced into the neural
network. At present we know of different network
constructions and training procedures (Hinton 1987;
Patarnello and Carnevali 1987; Carnevali and Patar-
nello 1987; Anderson 1988; Zipser and Andersen 1988;
Scalettar and Zee 1988; Lehky and Sejnowskii 1988)
that are associated with different degrees of general-
ization efficiency, including fairly high ones. The “re-
cord” seems to have been set in (Patarnello and
Carnevali 1987), where complete generalization was
achieved after the network had been trained to give the
correct responses to 0.3% of the possible input signals.

The goal of the present paper is to find out which
properties of the networks and of the algorithms that
they are trained determine the efficiency of general-
ization. We present a quantitative characterization of
these properties in terms of information theory and
illustrate  general conclusions by computer
simulations.

The Capacity of a Network

Let a neural network have a fixed number n,, of input
neurons and n,, output neurons each of which can be
in one of two states: 0 or 1. Besides, there are ny,
hidden neurons. The input signal is a binary vector of
n;, components that is fed to the input neurons. The
work of the neural network produces a response at the
output neurons; the response is a binary vector of n,,,
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components. The signal transformation algorithm is
defined by the set of variable parameters, which usually
include the threshold characteristics of the neurons
and the characteristics of their interaction. In the
training procedure these parameters are changed,
leading to a change of the information processing
algorithm. The capacity of a network is characterized
by the number of different algorithms, N, that can be
performed by this network through changing the
values of the variable parameters. N grows with
increasing number of hidden neurons ny,,.

Suppose an algorithm that a network must learn
can indeed be performed by it. Then the amount (bits)
of information one has to feed to the network in order
that this particular algorithm might be performed is
equal to —log, P, where P is the probability of the
untrained network giving the correct responses to all
the input signals. On the other hand, as a result of
learning the correct responses to m input signals the
network gets mn,,h bits of information, where
h= —log,p, p being the probability of the correct
response in one output neuron, hereinafter assumed to
be 0.5 (for the sake of simplicity). Hence, for complete
generalization to take place one has to train the
network to give correct responses to m* input signals,
this value being defined by the equation m*n,
= —log, P. Assuming all the algorithms that can be
performed by the network to be equally probable, i.c.
assuming P=1/N, we have
m*=n!log,N. (1)

The values m* or m*/M, where M =2"= is the total
number of input signals, characterize the efficiency of
generalization. The smaller these values the higher the
generalization efficiency. Of course, in the general case
(1) gives only a rough estimate of the generalization
efficiency, since it is based on a number of strong
assumptions. However, in our view this shortcoming is
compensated by clarity and independence of (1) of the
structure details, as well as the rules of performance
and training procedure of the neural network under
consideration. Furthermore, as we are going to de-
monstrate below, (1) gives a satisfactory quantitative
description of the generalization efficiency for specific
examples.

Of special importance to usis the inference from the
above consideration in terms of information theory to
the effect that the efficiency of generalization deterio-
rates with increasing capacity of the neural network.
The least number of hidden neurons which still enables
the network to perform the assigned algorithm is the
optimum situation in terms of the best generalization
effect. The maximum attainable generalization effici-
ency is determined, for a given algorithm, by the
capacity of the minimal network.

Simulations and Discussion

Now consider, by way an illustration, the general-
ization ability of a three-layered feed forward neural
network. Let binary vectors {x;}, {y;}, and {r,.} where
i=1,..,my j=1,.. 05, k=1,.. 0y, describe the
states of the input, output and hidden neurons respec-
tively. When a signal is fed to the input neurons, the
states of the hidden and output neurons are formed
according to the following rule:

rk=@<2i:akixi_tk)’ yj=@(;bjkrk>a ()
-l 72

The parameters a,; and by describe inter-neuron
connections and assume the following values:
a;=—1,0,1; b, =0, 1. The threshold ¢, =s, —1, where
s, is the number of positive connections (a,;=1)
between the input neurons and the k-th hidden neuron.
For alarge enough number of hidden neurons, namely
for ny;,=2"=, this network is universal, ie. it can
perform any algorithm.

The neural network was trained in the following
way. A random choice of m examples was made out of
the total set of M=2"%" input signals. Then the
“annealing” procedure (Kirkpatrick et al. 1983) was
used for minimizing the error function for this collec-
tion of m input signals. The error function was defined
in the following way:

Em = (mnoul)_ ! _Z‘ lzl ly§l)_ J7§'1)| s (4)
j=11=

where y{ is the response obtained and 7! is the correct
response to the I-th input signal. The values of a,;, t,,
and by which make the function (4) equal to zero were
found by “annealing” and fixed, then error function E,,
was calculated for the total set of M input signals. Then
this procedure was repeated for another realization of
m examples, and so on. The sought-for characteristic is
the total mean error E = {E,,> for random realization
with a fixed number m.

For the network described above one can compare
the values m/M for which E is close to zero, i.e. the
values already sufficient for a complete generalization,
with the values m*/M yielded by (1). To do this one has
to know the capacity of the network N. We estimated it
as N=Nny,4!, where N, is the number of possible
configurations of the network, and the denominator
Nyia! 18 associated with possible permutations of hidden
neurons. Then it follows from (1) that

m*[M = ny;4(n;, 108, 3 + oy —10g, (ny;0/€))/ (M) . (5)
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Fig. 1. The results of calculations of the total mean error E (see
text) versus the proportion of input signals used in training of the
network. Curves: a n;, =4, nyg=4; b 1, =06, npe=6; ¢ ny =8,
Ny =8. Arrows mark the values m*/M following from (5): the
right arrow corresponds to parameters of curve b, the left one
corresponds of curve c. The dashed lines are shown for the sake of
clearity

As an example, let us consider the addition of two
binary vectors as the algorithm to be learned. Let
Nin =21, Then the network must learn to transform
any input signal {x;} (i=1,...,n,) into the output
signal {y;} (j=1,...,n,,) according to the rule
Vj=Xj+X;4n,., the addition being defined by the
table: 0+0=1+1=0,0+1=1+0=1.

Figure 1 shows the results of calculations, for the
case of the above algorithm, of the total mean error E
depending on the number of examples m used in
training of the network, for different values of n,,.

In Fig. 1 the values m*/M, which are obtained from
(5) for n,, =6 and 8, are marked by arrows. One can see
that (5) gives an almost complete quantitative agree-
ment with the results of the computer experiments. A
similar situation arises for n,=4, 10, 12, 14 (not
shown). For instance, for n,, =14 the complete gen-
eralization is attained, according to (5), if the network
is trained to give correct responses to 0.33% input
signals (m* = 54, M =2'4). The value produced by our
computer simulations for this case lies within the
0.35-0.40% range.

In similar manner one can use (1) to explain the
results obtained in (Patarnello and Carnevali 1987). It
is particularly important because in that case the
construction of the network and the properties of the
elements (neurons) were different from ours. The
complete number of network configurations in (Patar-
nello and Carnevali 1987)

Ns=((nin+nhid+nout_ 1)!/(nin— 1)')2 . (6)

Disregarding the possible degeneracy, let N, be the
estimate for N. Then for the parameters of (Patarnello
and Carnevali 1987) n,, =16, n,,, =8, ny;q + 1y, =160 it
follows from (1), (6) that m* =254, which agrees to

Fig. 2. The dependence of the efficiency of generalization on the
capacity of the network. The error E is shown for different
numbers of hidden neurons n,;y with a fixed number of input
neurons n;, = 8, The figures indicate the values of ny;4. The entire
dependence of E on m/M is shown for n,;,q=8, 16, and 32. For
other values of n,;4 we only show the E values for m/M =16.4%.
The dashed line illustrates the E function in the absence of all
generalization

within 10% with the experimental value m*=224
obtained in (Patarnello and Carnevali 1987).

In the calculations presented in Fig. 1 the number
of hidden neurons was equal to their minimal number
for which three-layered network described above can
perform the algorithm of addition of two binary
vectors (n,;, = n;,). According to (1) the generalization
efficiency must decrease with increasing number of
hidden neurons, i.e. with greater network capacity. We
checked this for our model. Figure 2 shows the results
of calculations of the total mean error E at the fixed
value of n,=8 for different numbers of hidden
neurons. One can see the monotonic decrease of the
generalization efficiency with increasing ny,4; at
Bhia =256 the E value is close to the error value at
which there is no generalization at all, just memor-
ization is achieved. Hence, there exists an optimum
number of hidden neurons ensuring the maximum
generalization efficiency, for a given algorithm, (cf.
p. 507 in Patarnello and Carnevali 1987).

Thus, our computer simulations agree very well
with (1), which estimates the network capacity via the
number of possible configurations.

Our experience shows that this is the case also for
other simple algorithms. The question whether the
same is true for complex algorithms remains to be
answered. However, main qualitative conclusion, that
the generalization efficiency drops monotonously with
increasing of the network capacity, must not depend
on the algorithm complexity. We therefore believe that
the major practical recommendation, which follows
from our data, is of general validity. Namely, the
maximum generalization efficiency is achieved for the
network with minimum number of the hidden neurons
that is sufficient to execute the algorithm under study.
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