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Abstract. We have developed a model that simulates 
possible mechanisms by which supraspinal neuronal sig- 
nals coding forces could converge in the spinal cord and 
provide an ongoing integrated signal to the mo- 
toneuronal pools whose activation results in the exertion 
of force. The model consists of a three-layered neural 
network connected to a two-joint-six-muscle model of 
the arm. The network layers represent supraspinal popu- 
lations, spinal cord interneurons, and motoneuronal 
pools. We propose an approach to train the network so 
that, after the synaptic connections between the layers 
are adjusted, the performance of the model is consistent 
with experimental data obtained on different organisms 
using different experimental paradigms: the stiffness 
characteristics of human arm; the structure of force fields 
generated by the stimulation of the frog's spinal cord; and 
a correlation between motor cortical activity and force 
exerted by monkey against an immovable object. The 
model predicts a specific pattern of connections between 
supraspinal populations coding forces and spinal cord 
interneurons: the weight of connection should be corre- 
lated with directional preference of interconnected units. 
Finally, our simulations demonstrate that the force gen- 
erated by the sum of neural signals can be nearly equal to 
the vector sum of forces generated by each signal inde- 
pendently, in spite of the complex nonlinearities interven- 
ing between supraspinal commands and forces exerted by 
the arm in response to these commands. 

1 Introduction 

Recordings of neuronal activity in the motor cortex of 
behaving animals have shown that the direction and 
overall trajectory of arm movements are markedly 
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related to the activity of motor cortical cells (Geor- 
gopoulos et al. 1982, 1986, 1993; Kalaska et al. 1989; 
Caminiti et al. 1990; Hocherman and Wise 1991; 
Schwartz 1994). These observations have been extended 
to the study of forces exerted by the arm against an 
immovable object (Georgopoulos et al. 1992). A monkey 
was trained to exert forces on an isometric handle in the 
presence of a constant force bias. First the monkey was 
required to exert a postural (static) force P, which com- 
pensated a given bias force B. After a holding period, 
a cue instructed the monkey to exert a force S so that the 
net force acting on the handle (i.e., the force exerted by 
the monkey S plus the bias force applied to the handle B) 
was in a visually specified direction N. Note that the net 
force is equivalent to the incremental (dynamic) compon- 
ent I of the force exerted by the subject: 
I = S - P = S + B = N (Fig. 1, left template). Eight net 
force directions and eight bias force directions were em- 
ployed. Two principal findings were reported: (i) the 
activity of single cells showed approximately the same 
directional tuning properties when the arm exerts a force 
without moving as when it moves through space (Geor- 
gopoulos et al. 1993), and (ii) as a population, the activity 
of cells reflected the direction of the incremental force 
I and not the actual force S exerted by the subject. 
Accordingly, it was hypothesized (Georgopoulos et al. 
1992; Georgopoulos 1994) that the postural and in- 
cremental signals are controlled by different neural sys- 
tems, and that these signals would converge in the spinal 
cord and produce a resulting integrated signal to the 
motoneuronal pools. 

The hypothesis concerning an integration of separate 
force signals implies a 'linear summation rule'. Indeed, it 
is seen in Fig. 1 (left template) that the postural signal, 
which generates the force P, and the incremental signal, 
which generates the force L should converge at the level 
of spinal cord in such a way that the integrated signal 
would generate the force S that is equal to the vector sum 
P + L Only in this case will the net force acting on the 
handle (S + B) be equal to the desired net force N. Al- 
though an appropriate summation of neuronal signals is 
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conceivable (Redish and Touretzky 1994), the linear sum- 
mation of .forces seems unlikely, due to the complex 
nonlinearities that characterize the mechanical proper- 
ties of limbs, and the interactions both among neurons 
and between neurons and muscles (Bizzi et al. 1991; 
Kalaska and Crammond 1992). However, recent 
evidence derived by focal microstimulation of the frog's 
spinal cord (Bizzi et al. 1991; Giszter et al. 1993; Mussa- 
Ivaldi et al. 1994) has revealed that the simultaneous 
activation of two distinct spinal sites leads to the vec- 
torial summation of the end-point forces generated by 
the stimulation of each site separately. Although spinal 
microstimulation studies have not been performed in 
primates, it is reasonable to hypothesize a similar plan of 
spinal organization. Then the synaptic connections be- 
tween the supraspinal populations and the spinal cord 
could provide a concomitant activation of a number of 
the spinal sites associated with different force fields, 
which are summed in a linear fashion. 

The purpose of the present article is to propose and 
analyze a model that suggests possible mechanisms by 
which the supraspinal commands could be integrated at 
the spinal cord level and translated into exertion of 
a required force. The model consists of a three-layered 
neural network connected to a two-joint-six-muscle 
model of the arm. The layers of the network represent 
supraspinal neuronal populations, spinal cord inter- 
neurons, and motoneuronal pools, respectively. The key 
idea is to train the network so that the model reproduces 
quantitatively experimental data for stiffness character- 
istics of human arm (Mussa-Ivaldi et al. 1985; Shadmehr 
et al. 1993; Tsuji et al. 1995), and then to test the model by 
comparing its performance with experimental data ob- 
tained from recordings of cell activity in the motor cortex 
of monkey (Georgopoulos et al. 1992) and by micro- 
stimulations of the frog's spinal cord (Bizzi et al. 1991; 
Giszter et al. 1993; Mussa-Ivaldi et al. 1994). In particu- 
lar, the model reconciles the nonlinearities that intervene 
between supraspinal commands and forces exerted by the 
arm with the hypothesis concerning the linear summa- 
tion of forces encoded in activities of potentially separ- 
ated supraspinal neuronal ensembles. 

2 Model 

2.1 Neural network model 

The architecture of the model is shown in Fig. 1 (right). 
The direction and magnitude of incremental force I is 
encoded in activities of directionally tuned motor cortical 
cells (Georgopoulos et al. 1992). Although the supra- 
spinal representation of postural force P is less known 
(see, however, Kalaska et al. 1989; Wise 1993; Georg- 
opoulos 1994), we assume the same distributed repres- 
entation as for the incremental force. Each population 
consists of n supraspinal (SS) units of m neurons each. All 
neurons belonging to the same SS unit possess the same 
preferred directions Ci (i = 1 . . . . .  n) with cosine-like 
tuning function [see (1) below], and the preferred direc- 
tions Ci are uniformly distributed in two-dimensional 

space (Georgopoulos et al. 1993; Georgopoulos 1994). 
Therefore, if the activity of the supraspinal population 
represents a force signal F (F = I or P), then the activity 
of the ith SS unit vss(F) is given by the expression: 

aF vss(F) = ~- (1 + cos Orc,) (1) 

where coefficient aF is proportional to the number of cells 
recruited to represent the magnitude of force F [i.e., the 
larger the magnitude of the encoded force, the more 
neurons from a given SS unit are recruited (Evarts et al. 
1983; Redish and Touretzky, 1994)], and Orc is the angle 
between the direction of force F and the unit's preferred 
direction C. 

All units from both supraspinal populations are con- 
nected to the four units at the IN layer representing the 
level of spinal cord interneurons (Fig. 1). To calculate 
activities of the IN units V) N (j = 1 . . . . .  4) we use the 
following sigmoid activation function: 

V) N = �89 [1 + tanh(Tj + uSS)] (2) 

where Tj is a synaptic input furnished by sources (not 
shown in Fig. 1) other than the populations coding 
forces. These signals provide an initial pattern of activity, 
needed to establish an initial position of the arm (see 
Sect. 3), before the commands coding forces P and I reach 
the IN layer. The synaptic input U ss generated by supra- 
spinal force signals is given by the sum: 

uys= wj, + (3) 
i = 1  

where ~)i is the weight of connection between the ith unit 
from the population coding force P or I and the jth unit 
belonging to the IN layer (for the sake of simplicity we 
assume the same connectivity matrix for both supra- 
spinal populations). 

Each of the IN units is connected to all six units at the 
MN layer representing the level of motoneuronal pools 
(Fig. 1). Activities of MN units V~ N (k = 1 . . . . .  6) are 
calculated using the relation: 

Vy y = �89 + tanh(U~Y)] (4) 

where U~ N is a synaptic input generated by IN units: 
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= Z zkj v) (5) 
j = l  

where Zkj is the weight of connection between thejth unit 
from the IN layer and the kth unit from the MN layer. 

2.2 Model o f  the arm 

We use a planar two-joint-six-muscle model utilized pre- 
viously (Hogan 1985; Flash 1987; Katayama and 
Kawato 1993). The arm is modeled by two rigid segments 
('upper arm' and 'forearm') of equal length (Fig. 1). 
The upper arm is attached proximally to an immovable 
'clavicle' via the shoulder joint and distally to the forearm 
via the elbow joint. Both single- and double-joint muscles 



are included. One end of both flexor and extensor single- 
joint muscles controlling the shoulder joint is attached to 
the clavicle at a distance b from the shoulder joint (flexor 
and extensor are attached at different sides of the joint). 
The other ends of these muscles are attached to the upper 
arm segment at a distance L from the shoulder joint (for 
graphical reasons these distances are not shown in 
Fig. 1). Single-joint muscles controlling the elbow joint 
are attached to the upper arm segment at the distances 
b from the elbow joint and to the forearm segment at 
a distance L from the elbow joint. Two-joint muscles are 
attached at distances b from each joint (Fig. 1). Note that 
the muscle attachment implies that the moment arms of 
muscles depend upon the joint angles. Below we assume 
that the distance between the shoulder and elbow joints 
is equal to L, and use the limit b ~ L; specifically, we set 
b = 0.01 m, L = 0.33 m. 

All muscles are modeled by nonlinear springs with 
the following length-tension relationship (Feldman 1966; 
Shadmehr and Arbib 1992): 

fk = ~{exp[fl(Ik -- /o)] _ 1} 

,(k = o 

(lk > l O) 

G < l ~ 

(6) 

where fk is a contraction force developed by the kth 
muscle, lk is the actual muscle length and l ~ is the muscle 
intrinsic rest length; parameters ~ and fl are constants, 
and :~ = 10N, fl = 100m -~. These specific values of 
parameters c~ and fl were chosen to fit by (6) the experi- 
mental data of Feldman (1966, as presented in fig. 3C of 
the paper by Shadmehr and Arbib 1992). 

2.3 Interactions between neurons and muscles 

Each unit from the MN layer innervates one muscle and 
controls the muscle intrinsic rest length l ~ (Feldman 
1966; Shadmehr and Arbib 1992). We use the following 
relation between l ~ and activity V~ y of the moto- 
neuronal unit: 

10 = /max _~ wMN(lmin __ /max) (7) 

w h e r e  lmln and /max are the minimal and maximal muscle 
rest length, respectively, and lmin = 0.26 m,/max = 0.30 m. 
Equation (7) implies that the higher is the activity Vy N, 
the shorter is the muscle rest length l ~ 

2.4 Equilibrium position and restoring force field 

Given a particular set of muscle rest lengths l ~ 
(k = 1 . . . . .  6), a corresponding equilibrium configura- 
tion of the arm can be calculated as follows. Let a config- 
uration of the arm be defined by a pair of shoulder and 
elbow joint angles (qo~ and ~oe, respectively; 0~ % 
~< 135 ~ 0 ~ ~< q0e ~< 180~ Then the set of actual muscle 

lengths lk (k = 1 . . . . .  6) is uniquely defined by the ge- 
ometry of the muscle attachments. If muscle rest lengths 
l ~ and muscle actual lengths lk are known, the forces 
produced by muscles can be calculated using (6). Let 
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(f l  f2 f3 f4 f5 f6)r be the vector of muscle forces (subscripts 
1 and 2 refer to the shoulder single-joint flexor and 
extensor, subscripts 3 and 4 refer to the elbow single-joint 
flexor and extensor, and subscripts 5 and 6 refer to the 
double-joint flexor and extensor). The transformation 
between the vector of muscle forces and the vector of net 
joint torques (t~te) r, where ts and te are shoulder and 
elbow torques, respectively, is given by the matrix of 
muscle moment arms. For  the model described above, 
this relationship is: 

(ts)te = ( - r ~  rs O 0 - r e  re - G  rs) re (8) 

where rs = b sin ~0~, re = b sin q)e. The equilibrium config- 
uration of the arm is defined by the condition that both 
net joint torques, ts and re, are equal to zero. Conse- 
quently, the equilibrium joint angles ~0~ q and q)~q can be 
obtained as the solution of the system of two nonlinear 
equations (8) under conditions ts = 0 and te = 0. 

The force exerted by the end-point of the arm is the 
result of the difference between current and equilibrium 
end-point positions. Generally, each equilibrium position 
is characterized by a field of resroring forces generated by 
muscles in response to displacements of the end-point 
from equilibrium position. For  any given set of muscle 
rest lengths, the restoring force field can be calculated as 
follows. Let a current end-point position be defined by 
joint angles q)s and q)e. Then (8) can be used to calculate 
the joint torques t~ and te [-in particular, if the arm 
configuration is such that q~ = ~0s ~q and ~oe = ~0~ q, (8) 
gives t~ = 0 and te = 0]. The transformation between net 
joint torques and x-y  components of restoring end-point 
force (Qx and Qy) is given by the inverse Jacobian matrix: 

( Q x ~  = 

Q,,} 

1 (COS(q~s -~ q)e) 

L sin q0e \sin(~os + ~0e) 

--COS(~0 s "~- ~ 0 e ) -  C O S @ s ~ ( t s ~  

- sin(~o~ + ~oe) s in~o~/ \ t e /  
/ /  / 

(9) 

The vector field {Qx(~Os, ~oe), Qy(q~s, ~0e)} is the restoring 
force field associated with the given set of muscle rest 
lengths. 

2.5 Performance of  the model 

All parameters related to the arm construction and 
elastic properties of muscles will be fixed throughout the 
rest of the paper. Since the restoring force field and 
equilibrium end-point position are uniquely determined 
by activities of the MN units (6-9), the relation between 
force signals encoded in supraspinal populations (input) 
and the force exerted by the arm (output) is determined 
by synaptic connections wjl and Zkj between neurons in 
different layers (Fig. 1, Equations 1 5). Therefore, a de- 
sired performance of the model can be attained by train- 
ing of the network, i.e., by an adjustment of synaptic 
connections. 
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Fig. 1. Left template: Forces defined in the text: the force bias B, the 
postural force P compensating the force bias, the force exerted by the 
subject S, and the incremental component I of the force S. The net force 
S + B acting on the handle is equal to the visually instructed force N. 
Ri(jht: The model used to simulate the translation of supraspinal com- 
mands into a force exerted by the arm. The postural force P and 
incremental force I are encoded in the activities of two separated 
populations. Signals coding these forces converge at the level of spinal 
cord interneurons (the IN layer) and produce an integrated signal to the 
motoeuronal pools (the MN layer). The pattern of motoneuronal activ- 
ity determines the force exerted by the arm 

3 Training-testing procedure 

In this section we describe in detail the method used to 
adjust the synaptic connections. First the synaptic con- 
nections Zkj between the IN and MN layers have been 
adjusted so that any pattern of activity at the IN layer 
produces a restoring force field whose structure is consis- 
tent with experimental data obtained for human arm. In 
particular, each IN unit is attributed to a specific point in 
the workspace, which is the equilibrium end-point posi- 
tion produced by the activation of this unit ('directional 
preference' of the unit given a reference position in the 
workspace). Then the synaptic connections wji between 
supraspinal populations and the IN units have been 
assigned so that activities of the SS units weighted in 
accordance with their preferred directions Ci are trans- 
formed into activities of the IN units weighted in accord- 
ance with their directional preferences in the workspace 
of the arm (connections Zkj between the IN and M N  units 
are kept fixed to retain the structure of force fields). 
Finally, the overall performance of the model has been 
tested by independent or simultaneous activations of 
supraspinal populations. 

3.1 Connections between the IN and M N  units 

Forces exerted by individual muscles depend upon the 
muscle rest lengths (6), which are controlled by activities 
of the corresponding M N  units (7). Therefore, activities 

of different M N  units should be correlated to produce 
muscle synergies that ensure the desired characteristics of 
restoring force fields. Since any unit from the IN layer is 
connected to all units at the M N  layer (4, 5), correlated 
patterns of MN activity can be provided by a set of 
'synergetic' synaptic connections between the IN and 
M N  units. The problem we address is to find a set of 
connections Zkj such that the restoring force fields gener- 
ated by the model would be similar to the fields measured 
for human arm (Mussa-Ivaldi et al. 1985; Shadmehr et al. 
1993; Tsuji et al. 1995). In these studies, human arm 
stiffness characteristics have been determined by measur- 
ing the restoring forces for displacements from an equi- 
librium end-point position. The stiffness was represented 
graphically by an ellipse, characterized by its size, shape, 
and orientation. The results indicated that the shape and 
orientation of the stiffness ellipse are strongly dependent 
on arm configuration in an orderly fashion (these para- 
meters, however, remain invariant among subjects and 
over time). To adjust the performance of the model to 
these experimental data we used the following procedure 
(Fig. 2). 

Four equilibrium positions of the arm were chosen in 
the workspace (in Fig. 2A these positions are designated 
as 'T'). For  each position, we calculated the set of muscle 
rest lengths l ~ (k = 1 . . . . .  6) ensuring the size, shape, and 
orientation of the stiffness ellipse in close agreement with 
these characteristics measured experimentally (Mussa- 
Ivaldi et al. 1985) for the human arm at a similar location 
in the workspace. Note that due to the presence of more 
muscles than there are joints, different sets of muscle rest 
lengths may result in the same equilibrium position of the 
arm. However, it is this redundancy that makes it pos- 
sible to find a required set of muscle rest lengths imposing 
the stiffness characteristics as additional conditions. 
Starting from (8) we have derived explicit relations be- 
tween muscle rest lengths and the stiffness characteristics 
of the arm using straightforward algebra, cumbersome as 
it is (see Appendix). 

Each of these equilibrium positions was attributed to 
one of the IN units: namely, for each of four IN units 
(j  = 1 . . . . .  4), six parameters Zk~ (k = 1 , . . .  , 6) were ad- 
justed so that the maximal activity of the j th IN unit 
(whereas other units are inactive) generates the attributed 
equilibrium position. 

The resulting connectivity matrix Zk~ (k = 1 . . . . .  6; 
j = 1 , . . . ,  4) was fixed and used during the following 
testing procedure. Different patterns of IN activity were 
sampled to produce new equilibrium positions, for which 
stiffness ellipses were calculated. Six of these ellipses are 
depicted in Fig. 2A. It is seen that the shape and orienta- 
tion of ellipses strongly depend on arm configuration, 
reproducing well two main features of the human arm 
stiffness (Mussa-Ivaldi et al. 1985; Tsuji et al. 1995): (i) the 
direction of maximum stiffness at any location is approx- 
imately oriented along a radial line joining the hand to 
the shoulder, and (ii) the stiffness ellipse becomes more 
anisotropic as the hand approaches distal positions. 

Since the stiffness describes the relation between force 
and displacement vectors only in the vicinity of equilib- 
rium, the performance of the model was further tested for 
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Fig. 2. A Stiffness ellipses at different locations in the workspace of the 
arm. The two-joint arm is shown schematically by two line segments. 
The workspace is bounded by a thin curve. The calibration for the 
stiffness is given by the circle. Four ell ipses designated as T were used to 
find weights of connections between the IN and MN layers (see text). 
The end-point positions in the centers of these ellipses correspond to 
equilibrium position produced by the activation of one of the IN units, 
whereas all other units are inactive. Six other ellipses represent exam- 
ples of the end-point stiffness calculated at different locations to test the 
performance of the model. B, C Restoring force fields calculated for 
equilibrium positions designated as B and C in A. Each force vector is 
represented by an arrow drawn with its tail at the tip of the end-point 
displacement vector 

relatively large displacements from equilibrium posi- 
tions. In Fig. 2B and 2C two examples of restoring force 
fields associated with two different equilibrium positions 
are shown. The structure of these fields, including a non- 
linearity with respect to displacement, is similar to that 
measured experimentally (Shadmehr et al. 1993) for the 
same range of displacements. 

In summary, the use of experimental data for a few 
equilibrium positions as training 'examples' makes it 
possible to find the connectivity matrix z that provides 
the required synergy of muscles at other locations in the 
workspace. 

3.2 Connections between the SS and IN units 

The connectivity matrix w transforms a force signal 
encoded in activities of SS units, which are characterized 
by preferred directions Ci (1), into a signal encoded in 
activities of IN units, which are attributed to specific 
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equilibrium positions in the workspace. Consider a point 
chosen approximately at the center of the workspace. Let 
Dj be a unit vector pointed from the center of the work- 
space to the equilibrium end-point position attributed to 
the jth IN unit (in a sense, Dj is the preferred direction 
vector of the jth IN unit). We propose the following 
expression for the connectivity matrix: 

4 
wri = - cos Oojc, (10) 

n 

where Ooc is the angle between vectors D and C, and 4/n is 
a normalizing coefficient (n is the number of SS units). 
The idea underlying the use of the above relation is that 
(10) provides a negative correlation between connection 
strength �89 and angle between vectors D r and Ci, i.e., the 
connection strength is correlated with directional prefer- 
ence of connected units. The cosine function (10) and the 
normalizing coefficient are chosen to obtain activities of 
IN units V) N (2) in a simple explicit form. Indeed, substit- 
uting (1, 3, 10) into (2), one has 

V TM = �89 [1 + tanh(T r + aeCOS 0eoj + a~ cos 0toj)] (11) 

[to derive (11) we have used the uniformness of distribu- 
tion of preferred directions Ci (i = 1 . . . .  , n) and straight- 
forward trigonometric relationships]. 

In summary, the connectivity matrix w (i0) trans- 
forms supraspinal signals coding forces P and I (1) into 
a pattern of activity of the IN units (11) in a way that the 
closer the direction of force to be exerted (either P or I)  is 
to the direction of vector D j, the higher is the activity of 
the j th IN unit. 

4 Transformation of neuronal signal 
into exertion of force 

After the synaptic connections wji and Zkj were adjusted 
(see Sect. 3) and fixed, we analyzed the performance of the 
model as follows (Fig. 3). 

First coefficients ae and at characterizing the magni- 
tude of force signals were set to zero, and additional 
inputs T r (11) were adjusted to obtain an initial pattern 
of IN activity that produces an equilibrium end-point 
position located approximately at the center of the work- 
space. Using this point as the origin, the preferred direc- 
tion vectors D r ( j  = 1 . . . . .  4) were defined as unit vec- 
tors pointed from the origin to one of four equilibrium 
positions designated by 'T' in Fig. 2. 

Eight signals coding the postural forces P of equal 
magnitude (ap = 0.3) and different directions ranging 
from 0 ~ to 360 ~ were given, and corresponding patterns 
of the IN activity were calculated in the absence of 
incremental force signal (al = 0). Directions of encoded 
forces are shown by arrows that form the leftmost col- 
umn in Fig. 3A. Each of these patterns produces a new 
equilibrium end-point position, which differs from the 
initial position of the arm. Due to this difference, a restor- 
ing force appears. If the arm is free to move, then the 
restoring force would result in a new position of the arm. 
Otherwise, the restoring force can be referred to the 
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Fig. 3A, B. Transformation of neuronal signal into exertion of force. 
A Outside the square bordered by a thick line: Neuronal signals coding 
postural forces P and incremental forces I are represented by arrows 
lined up vertically and horizontally, respectively. The end-point forces 
exerted in response to these neuronal signals are shown as line segments 
that form the second column (postural force) and the second row 
(incremental force). The tail of each force vector is aligned with the grid 
vertex next right (postural force) or next down (incremental force) from 
the tail of the corresponding arrow. The calibration for the magnitude 
of force is given by the length of line segment connecting two adjacent 
vertexes: this value is equal to 50 N. Inside the square: Two forces are 
drawn from each vertex: (i) the force that is generated in response to the 
sum of postural and incremental neuronal signals, and (ii) the formal 
vector sum of two forces generated by each signal separately. B The 'net 
forces' (see text) calculated for eight different directions of incremental 
signal combined with eight different directions of postural signal shown 
by arrows in A. Each cluster consists of eight net forces (line segments) 
calculated for the same incremental signal and eight different postural 
signals. Dashed arrows show directions of net force calculated for eight 
given incremental signals in the absence of postural signal. The scale for 
the magnitude of force is magnified by factor 2.5 with respect to the 
scale used in A 

force exerted by the arm against an immovable object 
measured in the experiment (Georgopoulos  et al. 1992). 
We have calculated end-point  forces generated by the 
eight neuronal  signals using (1 11). These forces are 
shown as line segments that form the second column in 
Fig. 3A. The tail of each force vector is aligned with the 
grid vertex next right from the tail of the corresponding 
arrow. The incremental force signals and forces gener- 
ated by these signals (in the absence of postural  signal) 

are shown in Fig. 3A by the upper row of arrows and by 
the second row of line segments, respectively. These data 
demonstra te  that the model properly transforms neur- 
onal signals of different directions into exertion of force. 
A difference between directions of force signals and gen- 
erated forces seen in Fig. 3A can be reduced by an 
additional adjustment of the connectivity matrix w (data 
not shown). 

To test whether the 'vectorial '  summat ion  rule (see 
Sect. 1) is valid in the framework of the model we cal- 
culated restoring end-point  forces produced in response 
to simultaneous activation of both supraspinal popula-  
tions (i.e. ae = 0.3, a~ = 0.3). These data are depicted in 
Fig. 3A inside the square bordered by a thick line. Two 
forces are drawn from each of the vertexes located inside 
the square. One force is the result of simultaneous activa- 
tion of both supraspinal populat ions (the force signals 
encoded in the activities of populat ions are arrows 
located at the same horizontal/vertical lines crossing at 
the vertex). Another  force is a formal vector sum of two 
forces generated by independent activation of each popu-  
lation (i.e., the vector sum of forces drawn near the 
corresponding signals outside the marked square). It is 
seen (Fig. 3A) that in all 64 cases the sum of neuronal  
signals is t ransformed into the force that is nearly equal 
to the vector sum of forces generated by each signal 
separately. 

The performance of the model can be interpreted in 
the light of experimental data  reported in Georgopoulos  
et al. (1992; see also Sect. 1 of the present paper for 
a discussion). To this end, we refer the net force N(Fig.  1, 
left template) acting on an immovable  handle in the 
presence of bias force B (Georgopoulos  et al. 1992) to the 
force calculated within the model  as the difference S - P, 
where S is the force generated by the sum of postural and 
incremental signals, and P is the force generated in re- 
sponse to the postural  signal (we suppose that  the pos- 
tural signal P compensates exactly the bias force B, i.e., 
P = - B). The performance of the model  would be con- 
sistent with the experimental findings (Georgopoulos  et 
al. 1992) if the direction of 'ne t  fo rce 'S  - P i s  close to the 
direction of the incremental componen t  I, regardless of 
the direction of postural  force, P. In other words, the 
vectorial summat ion  rule S = P + I should be valid. We 
have calculated the net forces S -  P for eight different 
directions of incremental signal and eight different direc- 
tions of postural  signal shown in Fig. 3A by arrows. 
These 64 forces are represented in Fig. 3B by line 
segments grouped into eight clusters. Each cluster 
corresponds to the same direction of incremental signal 
combined with eight different directions of postural  
signal. Dashed arrows represent net force directions 
calculated in the absence of postural  signal (i.e., direc- 
tions of incremental force I). It is seen (Fig. 3B) that 
while the direction of postural  force P changes from 
0 ~ to 360 ~ within each cluster, the direction of net 
force S - P  remains almost  invariant and close to 
the direction of incremental componen t  1. In fact, 
this is another  interpretation of the vectorial summat ion  
rule, which has been demonstra ted by the results 
depicted in Fig. 3A. 



5 Summation of restoring force fields 

Although parameters of the model have been adjusted to 
reproduce the results of specific experiments performed 
on human and monkey (Sects. 2 and 3), it is useful to 
compare the restoring force fields generated by the model 
with experiments performed on the spinalized frog (Bizzi 
et al. 1991; Giszter et al. 1993; Mussa-Ivaldi et al. 1994). 
The results obtained by microstimulation of the frog's 
spinal cord suggested that the neural circuits in the spinal 
cord are organized in a set of control modules that 'store'  
a few limb postures in the form of convergent force fields 
acting on the limb's end-point. Moreover, it was demon- 
strated (Bizzi et al. 1991; Mussa-Ivaldi et al. 1994) that 
simultaneous stimulation of two distinct spinal sites re- 
sults in a field of forces proport ional  to the vector sum of 
the fields induced by the independent stimulation of each 
site. These findings have led to a new concept of motor  
control (Bizzi et al. 1991; Mussa-Ivaldi and Giszter 1992) 
based on the vector combination of a few convergent 
fields to produce a vast repertoire of motor  behaviour. 
Below we demonstrate that the proposed model gener- 
ates restoring force fields whose properties are in close 
similarity with those reported in (Bizzi et al. 1991; Giszter 
et al. 1993; Mussa-Ivaldi et al. 1994). 

5.1 Justification o f  the model 

To establish a correspondence between the model and 
experiment (Bizzi et al. 1991; Giszter et al. 1993; Mussa- 
Ivaldi et al. 1994) we used the following approach. The 
IN layer of the model (Fig. 1) was disconnected from the 
supraspinal layers, i.e, the model was 'spinalized'. First, 
we calculated the force field generated under the condi- 
tion that all units at the IN  layer are inactive (Fig. 4A). 
Since the M N  units are also inactive, the muscle rest 
lengths in this case are equal to their maximal possible 
values (7). We refer this field to the 'resting' force field 
measured in the absence of stimulation (Giszter et al. 
1993). The stimulation of a particular spinal site in the 
experiment was referred to the activation of a particular 
unit at the IN layer. The activation of distinct units result- 
ed in different force fields converging to different equilib- 
rium points. Two examples are shown in Fig. 4B and C. 
We referred these fields to the 'total' force fields measured 
during stimulations of different sites (Bizzi et al. 1991; 
Giszter et al. 1993). Next, following the experimental pro- 
cedure described in (Giszter et al. 1993), we calculated the 
'active' force fields by subtracting the resting field from the 
total field. The active fields obtained from the total fields 
B and C (Fig. 4) are shown in Fig. 4D and E, respectively. 
Although the scale of forces depicted in Fig. 4 is larger than 
the scale of forces exerted by the frog's limb (the model has 
been adjusted to the human's ann), the structure of force 
fields is similar to that measured experimentally (Bizzi et al. 
1991; Giszter et al. 1993; Mussa-Ivaldi et al. 1994). 

5.2 Co-activation o f  distinct sites 

Experimental results (Bizzi et al. 1991; Mussa-Ivaldi et al. 
1994) suggested that the 'vectorial summation rule' is 
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Fig. 4A-G. Vector summation of force fields. Each force vector is 
represented by an arrow drawn with its tail at the tip of the end-point 
displacement vector. Note that the range of displacements encompasses 
the whole workspace, which is bounded by a thin curve. For graphical 
reasons the vectors whose magnitude exceed a predefined threshold 
(50 N) are ploted as forces of 50 N. A The 'resting' field generated under 
the condition that all units at the IN layer are inactive. B, C Examples 
of the 'total' fields generated by separate activation of two different 
units at the IN layer (the activity of each unit is equal to 0.85). Force 
fields depicted in A, B and C converge to equilibrium points located in 
the workspace (the equilibrium points are indicated by filled circles). D, 
E The 'active' fields obtained by subtracting the resting field A from the 
total fields B and C, respectively. F The active field generated by 
simultaneous activation of the two units that generate the fields D and 
E when activated separately. G The field calculated by the vector 
summation of the active fields D and E 

valid for the active fields. We compared the active field 
generated by the simultaneous activation of two IN units 
(Fig. 3F) with the vector sum of the fields generated by 
the independent activation of the same units (Fig. 3G). As 
suggested by Mussa-Ivaldi et al. (1994), to quantify the 
similarity between the sum and co-activation fields, we 
calculated the 'cosine' of the angle between these two 
sampled fields, and used for this measure the value of 0.90 
as a threshold for similarity (the maximum value of the 
similarity is equal to 1). There are four units at the IN 
layer and, therefore, there are six different pairs of them. 
We have found that, for all six pairs, the similarity be- 
tween the sum and co-activation fields exceeded the 



476 

threshold value ranging from 0.97 to 0.99 (the sim- 
ilarity between fields depicted in Fig. 4F and G is equal 
to 0.99). 

We extended this analysis comparing the vector sum 
of fields generated by two random patterns of the IN 
activity (the activity of each unit is a continuous variable 
ranging from 0 to 1) with the co-activation field gener- 
ated by superposition of these patterns. We calculated 
the sum and co-activation fields for 10000 pairs of ran- 
dom patterns. The similarity between these fields was 
dependent on the sampled patterns, ranging from 0.71 to 
0.99. Therefore, the co-activation field generated by 
superposition of two arbitrary patterns may differ dra- 
matically from the sum of the fields generated by each of 
these patterns independently (e.g., the value of 0.71 cor- 
responds to the average angle between sample vectors 
equal to 45 degrees). This result was expected because of 
the nonlinearity of the model. However, the number of 
cases in which the similarity was below the threshold 
value 0.90 comprised less than 15% of the total number 
of trials. Averaged over all trials the similarity between 
the sum and co-activation fields was 0.96 _+ 0.04, which is 
consistent with the average similarity across the entire set 
of experimental data 0.94 _+ 0.05 (Mussa-Ivaldi et al. 
1994). 

5.3 Summary 

The force fields exemplified in Fig. 4 have been calculated 
within the same model that has been adjusted and tested 
in Sects. 2-4 (Figs. 2, 3). None of the parameters has been 
changed, neither introduced additionally. Nevertheless, 
the data shown in Fig. 4 indicate that basic features of the 
force fields obtained by the spinal stimulation of the 
frog's limb (Bizzi et al. 1991; Giszter et al. 1993; Mussa- 
Ivaldi et al. 1994), such as a convergence of total fields to 
equilibrium points, typical nonlinear dependence of the 
force direction and magnitude upon the position in the 
workspace, and the 'vectorial summation rule', are well 
reproduced within the model. 

6 Concluding remarks 

The complexity of real biological systems controlling 
motor behaviors is such that no practical models attempt 
to describe them in full detail. In this paper we focused on 
a particular aspect of the problem: the possible mecha- 
nisms underlying the integration of neuronal commands 
from different systems to produce a required force. We 
aimed to develop a model of the 'minimal complexity' 
that would include those factors of primary importance 
for the problem, making as few assumptions as possible 
concerning the details omitted from the model. 

Although the degree of isomorphism between the 
model and motor physiology should not be overstated 
[for example, the motoneuron activation function (4) 
does not contain any feedback component], we believe 
that the model described in this paper is a reasonable 
compromise between tractability and realism. Indeed, the 
structure of the model is very simple: it consists of a stan- 

dard three-layered feedforward neural network connec- 
ted to a standard two-joint-six-muscle model of the arm. 
On the other hand, the model incorporates the following 
biologically important features: force signals are encoded 
in the activity of directionally tuned neurons; only a few 
distinct sites represent the level of spinal cord inter- 
neurons; synaptic connections between neural layers re- 
sult in converging and diverging patterns of influence (in 
particular, neuronal units from the layer representing 
spinal cord interneurons make synaptic connections with 
different pools of motoneurons and activate groups of 
muscles in a weighted fashion); neuronal units are 
modeled as elements with nonlinear activation function; 
the construction of the arm model provides a nonlinear 
dependence of elastic properties on configuration of the 
arm, and muscles are modeled by nonlinear springs. 

To adjust the performance of the model we used two 
sets of experimental data. One set (the stiffness character- 
istics of human arm) was used to train the network, and 
another set (the correlation between motor cortical activ- 
ity and the force exerted by monkey, and the structure of 
restoring force fields generated by stimulation of the 
frog's spinal cord) was used to test the model's perfor- 
mance. We have shown that the performance of the 
model with a fixed set of parameters is quantitatively 
consistent with experimental data obtained on three dif- 
ferent organisms using different experimental paradigms, 
thus suggesting a universal principle of organization of 
motor control. 

The model predicts a specific pattern of connections 
between supraspinal populations coding forces and 
spinal cord interneurons. We have shown that a supra- 
spinal signal can be properly translated into a required 
force if strengths of cortical-spinal connections are 
weighted in accordance with directional preference of 
connected units (see also Georgopoulos 1988, 1994, 
where this type of interactions between cortical and spi- 
nal systems was hypothesized). In this paper, the cortical- 
spinal connectivity matrix is given by an explicit relation 
(10). 

In fact, our investigation originated from experi- 
mental findings (Georgopoulos et al. 1992; Mussa-Ivaldi 
et al. 1994), which raised a question of how an essentially 
nonlinear system could provide a linear summation of 
forces coding by different neuronal signals. Obviously, 
a nonlinear system cannot carry out the linear summa- 
tion exactly, merely by definition of what the nonlin- 
earity is. Indeed, our model, which incorporates 
nonlinearities at all levels (1-11), never performed the 
exact vectorial summation of forces (see Figs. 3, 4). 
However, we have shown that adjustable parameters of 
the model (synaptic connections) can be chosen in a way 
that the force generated by the sum of signals is nearly 
equal to the vector sum of forces generated by each signal 
independently (Figs. 3, 4). From this we conclude that 
approximately linear summation of forces observed in 
the experiments (Georgopoulos et al. 1992; Mussa-Ivaldi 
et al. 1994) cannot be a stringent rule, but may reflect 
a prevalent tendency, which could be provided by 
patterns of cortical-spinal and spinal interneuron- 
motoneuronal connections. 
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Appendix 

For a given arm configuration, specified by the joint 
angles ~0~ and q~r the set of muscle lengths (l~ 12 13 14 15 16) 

is defined by the geometry of muscle attachment: 

12 1 - b /L  cos qo~ 

13 = L 1 + b /L  cos q~, (A1) 
14 1 - b /L  cos q~o 
ls + b /L (co s  ~p~ + cos qo~) 
16 -- b /L (co s  q~ + cos ~p~)/ 

(the above expression was derived in the limit b /L  ~ 1). 
The transformation between the vector of muscle forces 
f =  ( f a f z f 3 f ~ f s f 6 )  T and the vector of net joint torques 
t = (t~ t . )  T is given by the matrix of muscle moment arms 
r -= [OIk /C3q)a]  (k = 1 . . . . .  6; a = s, e): 

t = - -  r r f  (A2) 

with 

( - b s i n q ~  bsin~s 0 0 
r =  0 0 -bsin~p~ bsinq~ 

- bsin ~Os b s i n  (~0s'~ T 
(A3) 

-- b sin ~p~ b sin ~o~/~ 

[note that (A2) is equivalent to (8)]. The equilibrium 
configuration of the arm is defined by the condition that fs - f 6  = 
both net joint torques are equal to zero: t~ = 0, t~ = 0. Then the 
Consequently, from (12) and (13) one has given by 

- f ,  +f2  - f s  +f6  = 0 f l  = f z  = 
(A4) 

- A  + A  - f ~  + A  = 0 f~ =f4 = 

The fact that there are only two linear equations (14) for 
the six muscle forces reflects the redundancy of the sys- 
tem (the same equilibrium position of the arm can be 
realized by different sets of muscle forces). Below we use 
this redundancy to ensure the required relationship 
between the equilibrium position and the stiffness 
characteristics of the arm. 

Let ~~ and q~q be the equilibrium j~ angles" Then t l 0 t  
the joint stiffness matrix is defined as 1 o 

\R~, R~// ~ c~t~ ~t~ / . (A5) 
"?-g~o~ ~-~='~" = < l~ 
\ ~0s ~ 0 e / @  = cpecq l 0 

After differentiation using (A2), (A3) one has 

R~s R~e \(f~' +f2)b 2 sin ~o~ q sin q~q 

(fs' + ~ ) b  2 sin q~q sin q~:q "~ L 
( f~  + f2  + f~  + f~)bEsin2q)~q j (A6) 

where 

d fk  t~ = t~(~", ~") fk '=- 'd-~ = f l ( f k + O 0 ,  k = l  . . . . .  6 (17) 

where parameters c~ and fl are defined in (8). 
The polar orientation of the stiffness ellipse is defined 

by the relation (Flash and Mussa-Ivaldi 1990): 

R~s = 2R~r = 2Rr (18) 

which gives one additional equation for the muscle for- 
ces. Two other relations can be obtained if the shape 
parameter, p, and the size, a, of the stiffness ellipse are 
given. These parameters are expressed in terms of stiff- 
ness matrix elements as follows: 

p = (4R~/Rss  - 1) cot 2 ((fleeq/2) 
(A9) 

( R o o  - RsJ4)Rs~ 
a = n L4 sin2 q~q 

Substitution of R~s, R~, and R~, from (A6), (AV) into (A8), 
(A9) gives three equations: 

f~ + f 2  = 2( f l -~A(P ,  a, ~p~q, cp~q) - ~) 

f3 + f 4  = 2( f l -~B(P,  a, ~p~q, ~0 eq) - -  0~) (A10) 

fs +f6 = 2( f l -~C(P,  a, q~q, ep~q) - ~) 
eq eq eq eqx where A(p,  a, q~q, @r ),B(p, a, @s , @~q), and C(p, a, % , % j 

are explicit functions of the stiffness ellipse shape p, size a, 
and equilibrium joint angles q~q and q~q (these expres- 
sions are too cumbersome to be printed and can be 
provided on request). To close the system of equations we 
need one additional equation for which we use the 
relation 

0 (All) 

solution of the system (A4), (A10), and (All) is 

f l -  l A (p ,  a, tp~ q, @~q) - 

f i - ' B ( p ,  a, ~p~q, ~0~ q) - a (A12) 

f~ = f6 = U I c ( p ,  ~, v~q, ~o~) - 

Substitutingfk from (A12) and Ik from (A1) into (6), we 
finally obtain explicit equations for the set of muscle rest 
lengths (l ~ 1 ~ l ~ l ~ l ~ 1 ~ ensuring for any given equilibrium 
joint angles ep~q and ~p~q the polar orientation of the 
stiffness ellipse as well as its specified shape p, and size a: 

\ 
1 + b/L cos q~, + fl- ' ln(~flA- '(p, a, ~o~ q, ~0~ q)) 

1 - b/Lcosq~ s + f l - l ln (~ f lA- l (p ,  a, ~o~ q, tp~q)) 

1 + b/Lcos~% + fl-lln(o~flB-l(p, tv, q~q, @~q)) 

1 - b / L c o s %  + f l - l ln (~ f lB- l (p ,  a, @~q, ep~q)) 
1 + b/L(cos q~s + cos ~oo) + fl- i ln(ctflC- 1 (p, a, ~o~ q, ep~q)) 

1 - b/L(cos q~s + cos ~oe) + f l-11n(~fiC-l(p, a, ~o~ q, ~o~q)) 

(A13) 
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